There is a little doubt in public mind that the dot-com boom on Nasdaq in the end of the 90s represented a stock market bubble. Indeed, major violations of rationality were observed.
Introduction
There is not much doubt in the public mind that the dot-com boom on NASDAQ in the end of 90s represented a bubble. Indeed, major violations of rationality were observed. For instance, some dot-coms, which terminated their business still held positive market value. Market cap of dot-coms which were parts of established companies sometimes exceeded market cap of the entire company.
1 However, academics are not so united in diagnosing the situation, which existed with hi-tech stocks at the turn of the century as the bubble, as well as the existence of asset pricing bubbles in principle (Siegel, 2003 , Donaldson and Kamstra, 1996 , Oftek and Richardson, 2003 . Recently, Jarrow, Protter and Shimbo (JPS, 2006 (JPS, -2007 developed a quantitative definition of a bubble in a no-arbitrage world. In the world of quantitative finance, mispricing is not equivalent to arbitrage. Mispricing happens all the time, hence is the possibility of trading, because the market agents have different outlooks on the true price of a security.
On the contrary, arbitrage is a rather rare possibility that an agent can accurately time the price correction.
In this paper, I put forward two testable quantitative hypotheses, which are inspired by the JPS. Namely, I suggest that if bubbles do not exist, the difference between return on the call option and underlying stock is (1) completely random and (2) uncorrelated with the implied volatility of an option.
I emphasize that my study does not rely on any valuation model unlike, for instance (Philips, Wu and Yu 2007 and op. cit.) . Because the relationship between "fundamental" and "market" stock price is notoriously difficult to predict, valuationbased studies will always include a substantial model risk. My approach is entirely different. Instead of comparing "fundamental" or "economically driven" prices with the observed market ones, I use information-based anomalies of asset returns. One of the testable consequences of the JPS is that, in the presence of the bubble, returns on certain assets become predictable.
For the empirical test of the two above hypotheses, I use the Nasdaq-100 index as our model "stock." This study involves two instruments of the NASDAQ market:
namely, a Buywrite Index and Volatility Index. Both indexes were put forth by CBOE.
Nasdaq Buywrite Index is an index tied to the return on the portfolio formed by owning Nasdaq-100 Index (NDX) and selling calls on the same stocks. Volatility Index is the weighted implied volatility of call and put options on the NDX with a broad range of strike prices.
The paper is structured as follows. In the first Section, I provide quantitative exposition of the two hypotheses. In the second Section, I use Durlauf (1991) test to analyze the returns on the Buywrite Index. In the third Section, the same test is used to analyze correlation of returns of Buywrite and Volatility indices. Fourth Section concludes the study. In Appendix, I provide analytic discussion of the two hypotheses on asset returns which I test in the main body of the paper.
Two hypotheses about stock market bubbles
In this Section, I formulate two hypotheses concerning stock market bubbles. To test this hypotheses empirically, I use two Nasdaq indexes. This study involves two instruments on the NASDAQ market: namely, a Buywrite Index and Volatility Index.
Both indexes were put forth by CBOE.
NASDAQ Buywrite Index is an index tied to the return on the portfolio formed by owning NASDAQ-100 Index (NDX) and selling calls on the same stocks. "The CBOE NASDAQ-100 BuyWrite Index (BXN) is a benchmark index that measures the performance of a theoretical portfolio that owns a portfolio of the stocks included in the NASDAQ-100 Index®, and "writes" (or sells) NASDAQ-100 Index (NDX) covered call options. A "buy-write," also called a covered call, generally is considered to be an investment strategy in which an investor buys a stock or a basket of stocks, and also writes (or sells) call options that correspond to the stock or basket of stocks. This strategy can be used in an attempt to enhance a portfolio's risk-adjusted returns and reduce its volatility." 2 Volatility Index is the weighted implied volatility of call and put options on the NDX with a broad range of strike prices. "Nasdaq-100 Volatility Index (Symbol: VXN) is Chicago Board Options Exchange index representing the implied volatility of a hypothetical 30-day option that is at the money, derived from a basket of puts and calls options. The VXN is a measure of implied volatility for the Nasdaq 100 (NDX)." 3 2 Description of Buywrite Index on CBOE web page (CBOE, 2005) I formulate two null hypotheses concerning these indices. In the absence of the bubble:
• H01: The returns on Buywrite Index are MDS, E[r t |I t-1 ]=0.
• H02: Correlation of returns on Buywrite Index and Volatility Index are
The outlines of relevant results from Shimbo-Protter-Jarrow theory and the proofs for the hypotheses are provided in the Appendix.
For the first statement, the intuition runs as follows. The owners of the stock and a call option possess the same information. The only difference between these instruments is the potentially infinite lifetime of a stock and the finite time to maturity for an option.
If stocks were to have a fair price both at the time of the issuance of an option and at the time of its expiration, there would be no difference for the investor in possessing a stock or a call. Hence, in the absence of a bubble in the market, the difference of the return on the Buywrite Index from zero is entirely unpredictable. Mathematical formulation of unpredictability from the past information is Martingale Difference Sequence property (MDS). The violation of H01 means that pricing of a call option involves valid reasoning whether the stock is under-or overpriced, which is not imparted in the price of a stock itself. This statement can be considered as "strong" heuristic signature of a bubble.
The second statement can be rationalized through the observation if there is no bubble, one cannot predict price of a stock option from a history of past option prices, because the return on the Buywrite is from realized market calls. In the least, there should be no predictable correlation between the return on the Buywrite index-in which, we agree there is no bubble-and the Volatility index. If, on the contrary, there is a predictable correlation, one could use it to predict future option volatility, i.e. its price, from the data on return of the Buywrite index. The violation of H02 means that the future price of an option depends on its past price in a deterministic way, which is, however, unknown to the market, i.e. that there is valid, but un-deciphered price signal. The above proposition can be considered as "weak" signature of a market bubble. I must caution that the strong form of the market bubble hypothesis does not always entail the weak.
A strong form of the bubble hypothesis
In this section, I subject H01 to verification. An appearance of the plot of the returns on the Byuwrite Index provides some basis for the suspecting the bubble (Fig. 1 ).
However, the returns do not demonstrate any particular pattern and the return distribution is uneventful Bell-shaped curve (Figs. 2, 3). The Chow statistic (Greene, 1999) of the BXN returns rejects a structural break even at 10% (Table 1) .
My chosen method for analysis of the MDS is the Durlauf test (Durlauf, 1991 , Hong, 2005 ). Durlauf test is based on the observation that if the random variable is MDS, the periodogram of its autocovariance function is a linear function of the argument with no intercept. Mathematically, the Durlauf test can be expressed as follows:
where F[.] is a Fourier transform and
is an estimator of the autocovariance function. In Equation (2) 
where βˆ is a no-intercept linear estimator of the slope in the second formula of Equation Table 3 .
We can reject H02 in both cases. Covariance function for the off-sample case is plotted on the Fig. 6 and the results of the off-sample Durlauf test-on the Fig. 7 . The results of the off-sample exercise cast doubt on our analysis.
However, volatility series exhibit significant autocorrelations (see, e.g. Tsay, 2002) , making raw volatility an unsuitable candidate for the bubble analysis. Instead of volatilities, we have tested the residuals of the AR(1) regression:
First, we ascertain, that, as expected, volatility series are highly significant and highly autocorrelated (ρ≈1, F>8000, Table 4 ). If we re-formulate H02 in the form:
i.e. test the residuals of the AR(1) regression of Equation (4), the spectral test results become drastically different (see the Table 5 ). For de-trended in-sample series, we observe Durlauf W 2 statistic even better than of the trended sample, while for the detrended off-sample series, statistic is negligible.
If we eliminate auto-correlated component of volatility, H02 can be rejected for the sample observations and cannot be rejected for off-sample observations (see Fig. 8 ).
This confirms me in my belief that the weak-form bubble was present in Nasdaq. It manifested itself by the fact, that Buywrite Index and Volatility Index were correlated in the sense of Equation (5). Since the information available for the investors in both of these indexes is the same, this indicates a major violation of rationality.
From the plot of the covariance function (Fig. 6) but they all are present in the beginning.
Definition 1
Equivalent Local Martingale Measure (ELMM) is a measure Q equivalent to P from our original probability space such as the wealth process is a local martingale.
Intuition: we have an economy, where capital gains of the risky asset are unpredictable from past information but the agent cannot become infinitely wealthy in a finite time, or to have other similar pathologies.
Definition 2
The fundamental price of an asset maturing at T is:
where D u is a dividend process and X T is a payoff at maturity.
Definition 3
The asset price bubble β t for the market price S t (non-negative càdlàg semimartingale, or continuously quoted post-dividend price, in laymen terms) is given by
Theorem 1
For a non-trivial bubble, three and only three options are possible:
Bubble is a local (uniformly integrable) martingale if P(T=∞)>0.

Bubble is a local martingale, but not a uniformly integrable martingale and P(T<∞)=1.
Bubble is a strict Q-local martingale (i.e. is not a martingale), if T is a bounded stopping time.
Type 1 bubble is a fiat money, i.e. the payment obligations which government declares to be a legal tender, though they cannot be converted into currency. This seems to be a mathematical pathology, yet some situations in distressed financial markets, for instance "a rye mark" in Weimar Germany may fit this description. Type 2 bubble is an asset with infinite maturity, which can have unbounded payoff (such as paintings or dot-com stocks). For assets with finite maturities, such as non-console bonds and options, only Type 3 bubble is possible.
To formulate a corollary to the Theorem 3, we need the definition of Merton nodominance assumption.
Merton no-dominance assumption
Any asset which consistently pays higher dividends than another has a higher price.
Corollary
If MNDA is true, only Type 1 bubble is possible.
Definition 4
The fundamental price V(H) t of a European option with payoff function H at maturity T is given by
where H(S) T is a functional of the path of S on the time interval [0,T] . Note that in Equation (3), JPW use market and not fundamental price of an asset.
Theorem 2
For the calls with any strike K≥0, only Type 3 bubbles are possible and they are equal to
and to the asset price Type 3 bubble. 
B. Testable conclusions from JPW 2006a
Pf. Here S t presumes logarithmic price of an asset.
by the law of iterated expectations. Q.E.D.
The proof has an intuitive interpretation: payoff of the covered call is equal to its strike price plus the naked short put with the same strike.
Proposition 2 In the absence of the Type 3 bubble correlation of returns on Buywrite and (de-trended) Volatility Indexes is MDS:
Pf. First observation is that because put option prices do not contain bubbles, (JPW 2006, Corollary 2 to Lemma 8), we can treat only calls in the definition of weighted volatility.
Second observation is that a call price in any sensible pricing model (for instance, BS) is a smooth non-decreasing function of implied volatility except may be for V=0. We can expand volatility around average value and replace Equation (7) up to the second order in
In Equation (3), w i are the weights of the calls with different strikes K i in the CBOE definition of volatility index. As we already mentioned, puts are not included in the summation. The derivative term in front of the expectation does exist and is neither zero, nor infinity.
Third observation from the demonstration of the Proposition 1 is that
where the first term was replaced by its expression from the first proof and the second term by its expression from JPW 2006, Theorem 7. By the proof of the same theorem (here
is the bubble of the third type):
and
if the Type 3 bubbles do not exist. Therefore, every term in the sum of Equation (8) is zero. Q.E.D.
Intuition behind Proposition 2 is that the Buywrite Index (BXN) is backward-looking, while the Volatility Index is forward-looking. Type 1 bubble is impossible in BXN, while Type 2 bubble is impossible in VXN. Hence, if there is no Type 3 bubble, they must be uncorrelated. .99. This is consistent with an absence of a bubble in off-sample observations. Off-sample observations coincide with the samples in the number of days and the overlap.
